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Sparse Learning-to-Rank via an
Efficient Primal-Dual Algorithm

Hanjiang Lai, Yan Pan, Cong Liu, Liang Lin, and Jie Wu, Fellow, IEEE

Abstract—Learning-to-rank for information retrieval has gained increasing interest in recent years. Inspired by the success of sparse
models, we consider the problem of sparse learning-to-rank, where the learned ranking models are constrained to be with only a few
nonzero coefficients. We begin by formulating the sparse learning-to-rank problem as a convex optimization problem with a sparse-
inducing ¢; constraint. Since the ¢; constraint is nondifferentiable, the critical issue arising here is how to efficiently solve the
optimization problem. To address this issue, we propose a learning algorithm from the primal dual perspective. Furthermore, we prove
that, after at most O(2) iterations, the proposed algorithm can guarantee the obtainment of an e-accurate solution. This convergence
rate is better than that of the popular subgradient descent algorithm. i.e., O(}z). Empirical evaluation on several public benchmark data
sets demonstrates the effectiveness of the proposed algorithm: 1) Compared to the methods that learn dense models, learning a
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ranking model with sparsity constraints significantly improves the ranking accuracies. 2) Compared to other methods for sparse
learning-to-rank, the proposed algorithm tends to obtain sparser models and has superior performance gain on both ranking
accuracies and training time. 3) Compared to several state-of-the-art algorithms, the ranking accuracies of the proposed algorithm are

very competitive and stable.

Index Terms—Learning-to-rank, sparse models, ranking algorithm, Fenchel duality

1 INTRODUCTION

RANKING is a crucial task for information retrieval systems,
in particular for web search engines. Learning-to-rank is
a task that applies machine learning techniques to learn good
ranking predictors for sorting a set of entities/documents. It
has been drawing increasing interest in information retrieval
and machine learning research. Many learning-to-rank
algorithms have been proposed in literature such as [3], [4],
(5], [6], [71, [8], [9]-

In many machine learning applications, such as compu-
ter vision and bioinformatics, there is much desire to learn a
sparse model. That is, a model with only a few nonzero
coefficients with respect to the input features. Models with
sparsity constraints are also desirable in ranking. First, some
new data sets for ranking, such as the data sets for Yahoo!’s
Learning-to-Rank Challenge' and Microsoft’s data sets
for large-scale learning-to-rank,® contain high-dimensional
features. High-dimensional features lead to the problem

1. http:/ /learningtorankchallenge.yahoo.com/.
2. http:/ /research.microsoft.com/en-us/projects/mslr/.
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that the dense models learned are complicated and hard to
interpret. Second, high-dimensional features may be re-
dundant or noisy, which results in poor generalization
performance. Lastly, a sparse model has less computational
cost in prediction.

The following is an intuitive example to illustrate why
sparse learning works: a few strong features can dominate
the whole ranking performance. We sort the documents in
the TD2004 data set (in LETOR 3.0 [20]), respectively, using
each individual feature out of the 64 given features. The
results of Normalized Discounted Cumulative Gain (NDCG)@10
evaluation metrics (interested readers please refer to Sec-
tion 8.2 for more details about NDCG) are shown in Fig. 1.
For comparison, we generate a random predictor that uses all
of the features as follows: we randomly initialize a feature
weight vector w(w = (wy,ws, ..., we),Vi, w; > 0, Z?il w; =
1) for 10 times and sort the documents in decreasing order of
the results of the inner product (w, z), where z denotes the
feature vector of a document, and then we get the average
over the 10 NDCG@10 values. We can observe in Fig. 1 that
only several strong features, i.e., BM25, language models,
PageRank, HITS [20], have obviously higher NDCG@10
values than the average of ten random sorting values (the red
line), while many are lower. Moreover, there are some poor
features whose NDCG@10 values are very far away from the
average value of random sorting. To sum up, there can be
cases where the whole ranking performance is dominated by
only a small number of strong features, where learning a
sparse model with only a few nonzero coefficients is
desirable for ranking, and it has the potential to achieve
better performance.

To obtain sparse ranking models, a natural way is to
construct a ranking model with the smallest number of
features. This problem is usually modeled using the
{y penalty. However, the resulting optimization problem

Published by the IEEE Computer Society



1222
e NDCG@10
0.31 = Average Value
e ©
0.25[, R .
= L]
2 02r oy ° ¢ L
@ L]
(O] ° °
Q 0.15¢ o ot o® o o
P4 ° b ° .
° ° ° ° ° ° °
L ° ® °
0.1F e . .o .
° L]
0.051
y6 o o ©
L]
0 ® op? . . . L
10 20 30 40 50 60
Features

Fig. 1. The red line denotes the average NDCG @10 value over 10 times
of random sorting. The dots are the NDCG @10 values of 64 features,
respectively. We can see that only a few dots are above the red line.

is an NP-hard combinatorial problem. A simple way to
tackle the ¢, penalty is feature selection, which greedily
chooses an additional feature at every step to reduce the
training error. Although feature selection algorithms di-
rectly address the ¢, penalty, they are nonconvex and hard
to analyze. A more popular way is to use the ¢; penalty as a
convex surrogate of the ¢, penalty. The convex optimization
problems with the ¢; penalty not only lead to efficient
learning algorithms but also allow comprehensive theore-
tical analysis. In this paper, we focus on the sparse ranking
problem with the ¢; penalty.

However, no effort has been made to tackle the problem
of learning a sparse model for ranking with the ¢; constraint
except for the work [10], in which the authors proposed a
reduction framework to reduce ranking to the problem of
importance-weighted pairwise classification. Then, they
used an ¢; regularized algorithm to learn a sparse ranking
predictor. Despite the improvement they reported, the
authors did not justify the individual contribution of
the two parts of their solution: the reduction framework
and the sparse learning algorithm.

This paper aims to answer the question of how the sparse
learning algorithm contributes to improve ranking accuracy.
We propose a convergence-provable primal-dual algorithm
that optimizes the ¢, regularized pairwise ranking loss.
Furthermore, we empirically show in our experiments that
our algorithm, using the pairwise ranking loss with sparse-
inducing ¢; norm, can significantly outperform the algo-
rithm using the same loss with ¢, norm and can achieve a
state-of-the-art performance on several benchmark data sets.

Our contributions in this paper can be summarized as
follows: 1) We successfully formulate the sparse learning-to-
rank problem as a convex optimization problem by
combining a pairwise ranking loss and a sparse-inducing
/1 norm. Since the ¢; norm is nondifferentiable, this
optimization problem is difficult to solve. We propose a
learning algorithm for this optimization problem from the
primal-dual perspective. 2) We prove that, after T iterations,
our proposed algorithm can guarantee the obtainment of a
solution with desired tolerant optimization error € = O(%).
Our algorithm has a better convergence rate than the
subgradient descent algorithm, which is a popular algo-
rithm for convex and nondifferentiable problems with a
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convergence rate of O(%) [11]. 3) We empirically show that,
compared to the methods that learn dense models, learning
a ranking model with sparsity constraints can significantly
improve the ranking accuracies. Experiment results show
that our learning algorithm achieves a state-of-the-art
performance on several public benchmark data sets.

2 ReLATED WORK

Recently, there has been a lot of research focusing on
learning-to-rank in the machine learning community. Two
main classes of methods for learning-to-rank have been
explored in the last few years: pairwise methods and
listwise methods [3], [4], [5], [6], [8], [12]. Our proposed
method belongs to the first class.

The first class of methods is based on the so-called
pairwise approach, in which a process of learning-to-rank is
viewed as a task to classify the preference order within
document pairs. Ranking SVM [6], RankBoost [5], and
RankNet [3], are notable pairwise algorithms. The Ranking
SVM algorithm adopts a large margin optimization approach
like the traditional SVM [15]. It minimizes the number of
incorrectly ordered instance pairs. Several extensions of
Ranking SVM have also been proposed to enhance the
ranking performance, such as [13], [14]. RankBoost is a
boosting algorithm for ranking by using pairwise preference
data. RankNet is another well-known algorithm, which
applies Neural Network to rank and uses cross entropy as
its loss function. Recently, Chapelle and Keerthi [16] replaced
the standard hinge loss in Ranking SVM with a differentiable
squared hinge loss and, thus, proposed a Newton descent
algorithm to efficiently learn the ranking predictor.

The second class contains the listwise methods in which
there are mainly two streams:

1. The first stream optimizes a loss function directly
based on the IR evaluation metrics. SVM-MAP [8]
adopts the structural support vector machines to
minimize a loss function that is the upper bound of
the Mean Average Precision (MAP) evaluation metrics
(interested readers please refer to Section 8.2 for
more details about MAP). AdaRank [12] is a boosting
algorithm that optimizes an exponential loss, which
upper bounds the metrics of MAP and NDCG.

2. The second stream defines several listwise loss
functions, which take the list of retrieved documents
for the same query as a sample. ListNet [4] defines a
loss function based on the KL-divergence between
two permutation probability distributions. ListMLE
[18] defines another listwise likelihood loss function
based on the Luce Model [17].

Another aspect related to the work in this paper is
sparse learning, which has been widely applied to many
applications in computer vision, signal processing, and
bioinformatics. Many learning algorithms have been
proposed for sparse classification/regression, such as
decomposition algorithms [28], [27], algorithms for ¢;
constrained optimization problem [31], [30], [29] (interested
readers please refer to [27] for more discussions about
sparse classification/regression algorithms).

Since the pairwise approach reduces the ranking problem
to a classification problem on document pairs, in principle,
many algorithms for sparse classification can be applied to
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TABLE 1
List of Notations
Notations Meaning
S={(q:i, Xi,Ys)}, | training set
m dimension of data

P number of pairs in set P
r the radius of ¢;-ball: |[Jw||; <r

K matrix in RP*™ that contains

the pairwise information

Ic(w) = 0 if condition C is satisfied,
otherwise I (w) = oo.

Ic(w)

obtain sparse ranking models. However, few efforts have
been made to tackle the problem of learning a sparse
solution for ranking. Recently, Sun et al. [10] proposed a
reduction framework to reduce ranking to importance-
weighted pairwise classification and then used an /;
regularized algorithm to learn a sparse ranking predictor.
Despite success, it does not justify the individual contribu-
tion of each of its two parts, the reduction framework and
the sparse learning algorithm. Sparse learning for ranking is
a relatively new topic that needs more exploration.

3 NOTATIONS

We introduce the notations used throughout this paper. In
the learning-to-rank problem, there is a labeled training set
S = {(q, X1, Yi)}1_; and a test set T = {(qi, Xi)}1 v, ,. Here,
g denotes a query, X; ={X;;}"% denotes the list of
corresponding retrieved objects (i.e., documents) for g,
and Vi = {y;}"'% is the list of corresponding relevance
labels provided by human, where y;; € {0,1,2,3,4}, n(q)
represents the number of objects in the retrieved object list
belongs to query ¢, and Xj;; represents the ith object in the
retrieved object list belongs to query ¢;. Each X;,; € IR™ is an
m-dimensional feature vector and each attribute of Xj; is
scaled to the range [0, 1].

We define a pairs set P of comparable object pairs as
following: (k,4,j) € P if and only if X} ;, X} ; belong to the
same query g and yi; # yr;- We use p to denote the
number of pairs in P. In addition, we define an object
pairwise comparison error matrix K € R”"™ as follows:
each pair in P corresponds to a row in K. Denote the
lth pair in P as {ki, i, ji}, the lth row of K as K;. We define
Ki = kil (X — Xiji), where i =1 iy > yr i
and otherwise yy, ;,;, = —1. Since X, ; € [0,1]™ for all ¢, j, we
have K; € [-1,1]" for all [.

We use (z,y) to represent the inner product of two
vectors z and y. Let r denote the radius of an ¢;-ball: ||w]||, <
r. We introduce an indictor function I (w): Io(w) = 0 if and
only if for a given vector w, condition C is satisfied,
otherwise I¢(w) = +o00. The above notations are summar-
ized in Table 1.

4 PROBLEM STATEMENT

The learning-to-rank problem has a wide range of applica-
tions in information retrieval systems. We are given a
labeled trgining set S = {(qu, X1, Yi)}1_; and a test set T =
{(qr, Xp) Y2t .1~ The task of learning to rank is to construct a
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ranking predictor from the training data, and then sort the
examples in the test set using the ranking predictor.

Following the common practice in learning-to-rank, in
this paper, we only focus on learning a linear ranking
predictor f(z) = (w,z). Many existing learning-to-rank
algorithms use this setting. The SVM methods, such as the
recently proposed RankSVM-Struct [19] and RankSVM-
Primal [16], are notable algorithms for learning linear
ranking predictors, which achieve a state-of-the-art perfor-
mance on several benchmark data sets. These methods learn
ranking models by minimizing the following form of
regularized pairwise loss functions:

.1
ming o[ +C Y fyrigw (Xei = Xe), (1)
w P

(kyi.j)epP

where £(z) can be the hinge loss ¢(z) = maz(0,1 — z) or the
squared hinge loss {/(z) = max(0,1 — 2)?, and C is a
parameter to control the tradeoff between training error
and the model complexity. Existing work [34] in learning-
to-rank revealed that the classification-based pairwise
loss function (i.e., hinge loss) is both an upper bound of
1-NDCG and 1-MAP. When we take {(z) = maz(0,1 — ),
the objective function given by (1) is the objective of
Ranking SVM. There exist several algorithms, such as the
quadratic programming [26] or the cutting plane algorithm
[19], which minimize this objective function. If ¢(z) =
maz(0, 1— a:)Q, the function given by (1) becomes the
objective of RankSVM-Primal [16], which is a convex and
twice differentiable function that can be optimized directly
via an efficient Newton descent algorithm. Despite achiev-
ing a state-of-the-art performance, a learning algorithm
using these forms of objectives usually obtains dense
solutions (most of the ranking predictor’s coefficients are
nonzero) because of the ¢, regularization term.

Sparse models have been proved to be effective in many
applications, including computer vision, signal processing,
and bioinformatics. In this paper, we are interested in the
particular problem of how the sparse learning algorithm
can contribute to the improvement of the ranking accuracy.
By replacing the ¢ norm with the spare-inducing ¢; norm,
we obtain the following optimization problem:

1
min lw'|l; + C E —max(0,1 — yk’,;’jw’T(Xk,,; — X;w-))Q.
w’
(kij)eP

(2)

For any C in the problem in (2), there exists a correspond-
ing r such that the problem in (2) is equivalent to the
following optimization problem (see the explanation in [32,
Section 1.2]):

1
min — maz(0,1 -y w” (Xei — X))
lwlh=rp 5=ep o '
o (3)
=min Iy < (w') + —Zmax(o, 1- (Kw/)i)Q.
v - P
The predictor w' is an m-dimensional vector constrained
in the /¢;-ball of radius r. It is well known that the ¢;
constrained optimization problems like (3) usually lead to

sparse solutions, but the ¢, regularized formulation like (1)
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does not (see [33, pages 14-15] for a detailed explanation
based on a geometrical intuition).

For ease of analysis, we scale the radius of ¢;-ball to 1
and define w = 1w'. The problem (3) can be rewritten as

the following:

2 P 1 2
min G(w) = min Jj) <1 (w) + T—Zmax (0,, - (Kw)i) .
w w - p =1 T
(4)

The objective function given by (4) is similar to that of the
RankSVM-Primal, except for a different regularization term.
Since ¢; is not differentiable everywhere, it is challenging
to optimize the objective in (4), and the Newton descent
algorithm used in RankSVM-Primal cannot be applied. To
minimize a convex but nondifferentiable function, a straight-
forward way is to use the popular subgradient descent
algorithm. However, the subgradient descent method has a
slow convergence rate of O(%), where € is the expected
optimization precision. In this paper, we propose an efficient
and convergence-provable optimization algorithm for the
problem in (4), with a faster convergence rate of O(2).

5 OUR ALGORITHM

5.1 Overview
In this section, we present our algorithm to solve the sparse
learning-to-rank problem in (4). Our algorithm is based on
the theory of Fenchel Duality [24], which has been used in
several machine learning algorithms such as the boosting
variants in [1]. Our algorithm follows the genetic algorith-
mic framework proposed in [1]. Since Fenchel Duality is the
key ingredient in our designing methodology, we call our
algorithm “FenchelRank” for short.

Let D(w) = —G(w). Then, the problem in (4) is equiva-
lent to the following optimization problem:

max D(w) = max Iy, <1 (w)

w
2 P 1 2
—T—Zmax((),—— (Kw)i> .
P r

To maximize the objective in (5), we propose an iterative
algorithm, which iteratively constructs a sequence of weight
vectors: — wr , such that
{D(wt)};‘ll is a monotonically increasing sequence of
function values: D(w;) <--- < D(w;) < D(wyyq) <--- <
D(wr). Suppose w* is the best solution for D(w) (i.e., the
Bayes error is minimized), and D* = D(w*). With the
constructed sequence {D(w;)},_,, we will prove that after
T iterations, D(wr) is guaranteed to be an e-accurate
solution (i.e.,, D* — D(wr) < €) with e = O(%).

To improve efficiency in practice, we further define an
early stopping criterion for the algorithm using the properties
of Fenchel duality. Obviously, we can compare D* — D(wr)
with € to determine whether the algorithm can be stopped.
However, D* is unknown. To derive an upper bound of
D* — D(w;), we construct another sequence of function
values P(d,) such that P(d;) > D*, where P(d,) is the primal
form whose Fenchel dual form is D(w;). Therefore, we can
use P(d;) — D(w¢) > D* — D(w;) to derive an early stopping
criterion (see Sections 5.3 and 5.4 for more details).

()

W) — - — W — Wy — -
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The skeleton of the proposed algorithm is shown in
Algorithm 1. The input of the algorithm includes a data
matrix K, a desired optimization tolerance ¢, a maximum
number of iterations 7', and the radius r of an ¢;-ball. In this
algorithm, the sign function sign(a) = 1 if o > 0, otherwise
sign(a) = —1; 0,,, denotes the m-dimensional vector with all
zeros, and e’ is the vector with all zeros except the
ith element being 1. The algorithm initializes w to be 0,,.
It stops if the early stopping criterion is satisfied (Line 2), or
the maximal iteration, T, is reached.

Algorithm 1. FenchelRank algorithm

Input: pairwise data matrix K, desired accuracy e,
maximal iteration number 7" and the radius
r of ¢, ball.

Output: linear ranking predictor w

Initialize: w; = 0y,

1. Fort=1,2,---,T do

lIcheck if the early stopping criterion is satisfied

2. IF |lgillo + (i, —Kwy) <€

return w, as ranking predictor w

Here d, = Vf*(—Kw,) = af(;((;(f)w)
and g, = d'K

/IGreedily choose a feature to update
3. Choose ji: = argmax; |(gt),

//[Compute an appropriate step size
4. Let p; = argmaxo<,, <1 D((1 — pe)wy

+esign((g:);,)e"))

/[Update the model with the chosen feature and step size
5. Update w1 = (1 — p)wy + psign((gr) ; e
7. end For
8. return wr as ranking predictor w

|w:w,,

Jt

In each iteration, the algorithm has three main steps:
1) checking the early stopping criterion (Line 2); 2) greedily
choosing a feature to update (Line 3); and 3) finding an
appropriate step size and updating the weights (Lines 4-5).
In the following, we first review the properties of Fenchel
duality. Then, we present how to construct the sequences
(D(w)}],, {d:};—, and {P(d;)}]_,. After that, we specify
the three main steps, respectively. Finally, we provide the
theoretical analysis of the algorithm.

5.2 Properties of Fenchel Duality

The main properties of Fenchel Duality are the Fenchel
conjugate (Definition 1) and the Fenchel Duality inequalities
(Lemma 1 and 2).

Definition 1. The Fenchel conjugate of function f is defined as
f* (0) - maxzedmnf(<07 $> - f(fl?))
Lemma 1 (Fenchel-Young Inequality: [2], Proposition

3.3.4). Any points 0 in the domain of function f* and x in
the domain of function f satisfy the inequality:

f(z)+ f7(0) > (0, ). (6)
The equality holds if and only if 0 € Of(x).

Lemma 2 (Fenchel Duality Inequality: [2], Theorem 3.3.5).
Let function f: RP — (—o0,4o00] and g : R™ — (—00, +00]
be two closed and convex functions, K be a IRP*™ matrix,
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sup —f*(—Kw) — g"(w) < inf f(d) +g(d'K). ()

The equality holds when 0 € (dom(g) — KT dom(f)) .

5.3 Constructing the Sequences
To construct the sequences {D(w;)}.,, {P(d)},,, and

{dt}thl, we define

2

g (W) = I <1 (w) and  f*(0) = % (maz (0,1 + 0))?.

We have f*(—Kw) =230 L maz(0,1 — (Kw),)>. The objec-

tive in (5) can be rewritten by combining f* and g*:
g (w). (8)

This is exactly the same as the left-hand side of (7).

max D(w) =

w

max —f"(—Kw) —

Accordingly, we can define the upper bound of (5) by the
right hand side of (7):

min P(d) = min f(d) + g(d" K), (9)

where g and f are the Fenchel conjugates of ¢* and f*,
respectively, which is given by the following lemma.

Lemma 3. The Fenchel conjugate of

The Fenchel conjugate of g*(w) = Ijy),<1(w) is g(d'K) =
14" K |l

Proof. Let + = —Kw. According to Definition 1, we have
f(d) = maz(d,z) ~ f*(z)
P 2 1 2
Z axdmz—r—mmv(O —|—x) .
-1 U p

Let h(d;) =

i h(d).
If d; < 0, letting #; — —o0, we have

max,, d;r; — —max(O 14 xz)z, thus f(d) =

2 2
If d; > 0, we, respectively, discuss the following two
cases: 1) If (+ua;) >0, then h(d;) =max, . 1diz; —
i)
1d;. The equality holds
( + 1’7) <0, then

%(% + )% = max,
which implies that i
when z; +1— £ d; =

T

hd) <2
0.2)

r
p
172
I

h(d;) =

maxmK%dixi.

the maximum of d;z; is obtained when z; = —1, thus

h(d;)) < —1d; < Erd? —1d,.

To sum up, we get h(d;) = L d?
otherwise h(d;) = oo.

Therefore, we have

—1d; when d; >0,
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d + Lazo(d; ))

Next, we prove that the Fenchel conjugate of ¢"(w) is

g(d"K) = ||d" K] g(d" K) = max(d" K, w) — g (w)

= max (d' K, w) —max|(dTK) | =

[lwl,<1

T
ld” Kl o

a
Therefore, the upper bound function can be rewritten as:

min P(d) = min f(d) + g(d"K)

) (1)

= wmin Ll + 14 K]
Next, we describe the construction of d;. At the beginning
of each iteration, one is given w; from previous iteration. We

define d, by:

of (—Kw)

(12)

‘w:wﬂ

where the ith coordinate of d; is defined by:

22 (1 1
0

otherwise.

We use this definition of d; because it satisfies the equality
condition of the inequality (6) in Lemma 1, and, thus, we can
use it to derive the early stopping criterion in the next section.

5.4 Checking the Early Stopping Criterion

The early stopping criterion is satisfied when the gap
between the primal form and the dual does not exceed the
desired optimization tolerance ¢ in iteration ¢:

P(d;) — D(w, (13)

Now, we show how to compute P(d;) — D(w;). In each
iteration, we update the weights by an update rule (see
Section 5.6) which ensures that |lw|; <1 for all ¢ (Line 5).
Therefore, we have ¢*(w;) =0 for all ¢, and D(w;) =
—f*(—Kw;). With (11), we have

P(d;) — D(w;) = + fdy) + [ (—Kwy).

It is easy to verify that f*(—Kw,) is differentiable. Hence,
with (12) and Lemma 1, the following equality holds:

) <e

Id:" K]l (14)

Combining (15) and (14), we get
P(d;) — D(w;) = ||di" K| + (dr, —Kwy). (16)
Finally, the early stopping criterion is
ldi" K + (di, —Kwp) < e (17)

5.5 Greedily Choosing a Feature

Atiteration ¢, the algorithm greedlljy selects afeature j;, which
has the largest absolute value of (d; K),. This step is similar to
the step of selecting a weak learner (i.e., by finding a single
feature with the best edge), which is a common building block
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in many boosting algorithms (i.e., AdaBoost [25]).

5.6 Updating the Weights of the Ranking Model
Given the selected feature from the previous section, we

set w;, 1 to be the convex combination of w; and the
selected feature
wiy = (1 — pe)wy + Mr,é‘ign((dfTK)j )er.

t

(18)

The coefficient of the combination, denoted by g, is
calculated so as to maximize the increase of the dual objective

e = argmax D(wyyq)
0<p<1 (19)

0<pu<1 J
Let K; be the ith row in K. Denoting
b, = sign((d'K) )e’ — d o =1 K
y = sign((d; )].r)e wy and @ = Wy
Equation (19) can be simplified as the following quadratic
equation:

e = argmin Z max (0, aii) — K,L-bt,u)Z.

0<pu<1t =

(20)

Equation (20) only contains a single variable i and can be
solved as follows: For all i, maxz(0, aE”) - Kibt,u)2 =0 if
a,@ — K;b}' <0, otherwise

maz(O,aii) — Kibtu)Q = (az(f) — K,-btu)Q.
a!)

For all K;b; # 0, we denote cti) = T[b,Le"

L={0,1}u{c"” € 0,1]}.

We sort the elements in L in a decreasing order: 1 =1; >
ly>--->1, =0, where [; € L(1 < k < n). In every interval
[lhs1,1], the values of ma:z:(O,ai” — K;byp)® (i = 1to p) are
known in advance, and, thus, the objective in (20) becomes a
simple quadratic function of p that has a closed-form
solution. Hence, we can find n — 1 candidate values of p; by
solving the n — 1 subproblems in (21), respectively, and,
thus, obtain the final p; bzy selecting the one that minimizes
)

P maz(0, al) — Kby

p
(kk+1) ‘
1y = argmin E
I <p<ly 4

maz (0, a?) — Kibt,u)Z. (21)

To ensure that w; satisfies the constraint of /;-ball,
w; < 1, we initialize the weight vector w; to be the zero
vector and restrict the range of coefficient 1, to be in [0, 1]. It
is easy to verify that |Jw;|; <1, and for any ¢, ||wi1]]; =

(1 = p)w; 4 e’ || < (1= po) lwil| + pelle’]| < 1.
We note that, in FenchelRank, we can also use

W = max (min <0,<dt’7Kb;>> , 1)
(5[

to find an appropriate step size in each iteration. This is
similar to the calculation rule used in [1]. The analysis in [1]
shows that this kind of calculation rule of u; leads to a
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sufficient increase of the objective. The calculation rule used
in FenchelRank obtains a p; by directly maximizing the
increase of the objective, which results in a larger increase of
the objective than the rule in [1].

6 THEORETICAL ANALYSIS

In this section, we analyze the convergence rate of
FenchelRank and show the correctness of the early stopping
criterion. Please remind that, in each iteration ¢, the algorithm
maintains a primal-dual pair: the dual form D(w;) given in
(5) and the primal form P(d;) given in (11). Suppose w* be the
optimal solution for D(w), that is w* = argmaz,, D(w). We
define ¢, = D(w*) — D(w;) as the gap between the optimal
solution and the solution obtained at iteration ¢.

6.1 Convergence Rate

The following theorem establishes the upper bound of
required iterations to obtain an e-accurate solution.

Theorem 1. The FenchelRank algorithm terminates after at most
1672 /e — 1 iterations and returns an e-accurate solution,
where 12 > 0.125.

Our proof is based on the properties of Fenchel Duality
and strongly convex functions.

Before presenting the proof, we first introduce some
concepts and lemmas, which will be used in the analysis.

A function f is convex if for all z,y € dom(f), and
0<0<1, f(0z+ (1 —0)y) < Of(x) + (1 —0)f(y). A vector ¢
is a subgradient of a function f at z if:

Vy7 <¢7Z/ - m> < f(y) - f(.f)

We define the set of subgradients of f at = as df(x). Note

thatif f is convex and differentiable at z, then 0 f(z) consists

of only a single vector, the gradient of f at z, denoted by

Vi(z).

Definition 2. A closed and convex function f is A-strongly
convex w.r.t. a norm || - || if V,y and Yg € 0f(x) have

(22)

A
f@) = @) = (y—2.9) = S llw =yl (23)
For instance, 1||d||; is 1-strongly convex w.r.t. norm || - [|,.
The following two lemmas will be used in the proof of
Theorem 1. We refer the readers to [1] for the proofs of these
two lemmas.

Lemma 4 ([1], Lemma 18). Let f be a closed and A-strong convex
over S with respect to a norm || -||,. Let f* be the Fenchel
conjugate of f; then f* is differentiable and its gradient satisfies
V f*(w) = argmazges(w,dy — f(d) . For all z,y we have

Flety) - F@) < (VF@0) 4ol @)

Lemma 5 ([1], Lemma 20). Let 1 > ¢; > €2 > ... be a sequence
such that, for all t > 1, we have ¢, — €41 > e’ for some
constant r € (0,0.5). Then, for all t we have ¢, < m
Now, we turn to the proof of Theorem 1. Some proof

techniques are similar to those of [1].
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Proof. since f(d) = ||2d||§ — 1%, d; is $5-strongly convex
with the l; norm ||d||;, using Lemma 4, we have

2

* * >k T

fe+y) =@ < (V@ +S vl (29)

for all y, z € dom(f*). Since

w1 = (1 — p)wy + Ntsign((dtTK)j,)ej'»
we can rewrite it into

Wi = Wy + Nt(sjgn((de)j[)e'j{ — wy).
For ease of presentation, we denote

b = (sign((dtTK)j[)ej' - W,

thus w1 = wy + peby.

Letting = —Kw;,y = —u Kb, we have z+y= —
Kwyyy. In terms of (12), we have Vf*(z)=Vf* (-
Kw;) = d;. Substituting z,y, V f*(z) into (25), we obtain

[ (=Kw — e Kby) — f*(—Kwy)
= (26)
< (b di) + = Kb

According to the definition ¢ = D(w*) — D(w;), we
have

€ — €41 = D(wt+1) - D("Ut) (27)
= ["(—Kw) — f(—Kwi1).
Combining (26) and (27), we get
T2 2
& — €41 > (e Kby, dy) — " Il KBy )5 (28)
According to Theorem 2 (see below), we have
e < |dI' K|l + (di, —Kw;) = (dy, Kby). (29)

Since each attribute of X ; is scaled to the range [0, 1], we
can verify K;; € [-1,1]. We have

1Kbl; = K ((sign((d] K); )" — wi)ll3
< 2||Ksign((df K) ;) |5 + 2| Kwil3
=2|[ K€’ |3 + 2] K3

where the first inequality follows from the Cauchy-
Schwarz inequality, the second inequality follows from
K;j€[-1,1],and the last inequality utilizes the con-
straint |w|; < 1.

Substituting (29) and (30) into (28), we have
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2

r f
€ — €441 > i€ — ?uf*élp = € — 4r2uf. (31)

In terms of (27), to maximize the increase D(wi41) —
D(w,;), we need to maximize the right side of (31). We

can verify that:

€ \2 € \2
ey — drtpd = 4r? (8—;2) - (,ut - 8_;2)
2 (32)

€ \ 2 €
< 4r? —) =t
=4 (8r2 1612
The last equality holds if we set p; = ¢ /8r%. Thus, we
have

€ — €1 > €2 /1617 (33)

Equation (33) implies FenchelRank guarantees that
the dual objective D(w), at least, increases by €7/16r* at
each iteration.

Because D(w ) = —f*(O)
Dw') =~ 3 epmaz(0, - g (25 - 2,))* <0, we
have ¢ = ( *) — D(wy) < 1. We also have € — €p1 >

€2/16r* for all ¢ according to (33), that is 1> ¢ > € >

- > ¢. Using Lemma 5, we get ¢; < % In other words,
1f the iteration ¢>1" 1, then Algorithm 1 can
guarantee the obtainment of an e-accurate solution. This
concludes our proof. O

) 2(7]€P77_ -1 and

6.2 Correctness of the Early Stopping Criterion

In practice, the convergence rate of the FenchelRank
algorithm is pessimistic. The algorithm usually needs a
much less iterations to converge. To improve the efficiency
in practice, we define an early stopping criterion (Line 2 in
Algorithm 1).

Now we show that, if the early stopping criterion is
satisfied at iteration ¢, the solution w; is guaranteed to be an
e-accurate solution.

Theorem 2. For all t, we have ¢, < ||dF K||_ + (d;, — Kw;).
The proof is similar to [1, Lemma 11].
As a consequence of Theorem 2, if ||dI K|, + (d;, —
Kw;) <e¢, then we have ¢ <e¢, and, thus, the algorithm
obtains an e-accurate solution at iteration ¢. This proves the

correctness of the early stopping criterion.

7 DISCUSSIONS

The generic algorithmic framework of FenchelRank is
similar to that of the algorithms in [1]. However, the
algorithms in [1] are problem dependent, i.e., they depend
on their loss functions. The generic algorithmic framework
in [1] is not directly applicable in other problems. There are
two major differences between FenchelRank and the
algorithms in [1]: 1) In this paper, our pairwise ranking
loss function used in the sparse learning-to-rank problem
(4) is different from those in [1]. It is nontrivial to modify the
generic algorithmic framework in [1] to work with a
particular loss function, which includes deriving the
Fenchel dual form of the loss function, designing how to
find an appropriate step size, and deriving the results of
convergence rate. 2) In each iteration, FenchelRank uses a
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different rule to calculate the step size for weights updating.
This rule maximizes the increase of the dual objective, and it
can result in a much faster convergence of the objective than
the rule similar to [1].

8 EXPERIMENTS

In this section, we evaluate the ranking performance of our
proposed method on several publicly available benchmark
data sets. The results show that: 1) The proposed
FenchelRank, with the sparse-inducing ¢; constraint, has
superior ranking accuracies gain compared to RankSVM-
Primal, whose objective shares the same loss function with
ours but uses the /;-norm as the regularization term.
2) Compared to other sparse learning-to-rank algorithms,
FenchelRank obtains sparser ranking models and has
superior performance on both accuracies and efficiency.
3) Compared to other state-of-the-art algorithms for rank-
ing, FenchelRank also achieves competitive performance on
ranking accuracies.

8.1 Data Sets
We conduct our experiments on the LETOR 3.0 and LETOR
4.0 data collections [20], which are publicly available
benchmarks for learning-to-rank. LETOR 3.0 contains seven
data sets for four search tasks of document retrieval: topic
distillation (TD2003, TD2004), home page finding (HP2003,
HP2004), named page finding (NP2003, NP2004), and
medical document retrieval (OHSUMED). LETOR 4.0
contains two large-scale data sets, MQ2007 and MQ2008.
In our experiments, we test the performances of ranking
algorithms on four small data sets, TD2004, HP2004,
NP2004, OHSUMED, and one large-scale data set,
MQ2008. In each data set, the features are extracted from
the query-document pairs, covering a wide range including
low-level features (i.e., TF, IDF) and high-level features
(i.e., BM25, language models).

Each of the five data sets is divided into five folds. There
is a training set, a validation set, and a test set in each fold,
which can be used to conduct cross validation.

8.2 Evaluation Measures
To evaluate the performance of ranking models, we use
MAP [21] and NDCG [23] as the evaluation measures.
MAP is a standard evaluation measure widely used in
information retrieval systems. It works for cases with binary
relevance judgments: relevant and irrelevant. MAP is the
mean of average precisions over a set of queries. Precision
at position j(PQy) [21] represents the proportion of relevant
documents within the top j retrieved documents, which can
be calculated by:

p(p =Nt )

J
where N,(j) denotes the number of relevant documents
within the top j documents. Given a query g¢;, the average
precision of ¢; is defined as the average of all PQj(j =
1,2,...,n) and can be calculated by the following equation:
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AvgP; — ZP(J); pOS(J)7 (8.2)
j=1 pos
where j is the position, M is the number of retrieved
documents and pos(j) is an indicator function. If the
document at position j is relevant, then pos(j) is 1, or else
pos(j) is 0. Ny, represents the total number of relevant
documents for query ¢;. P(j) is the precision at the given
position j.

NDCG is another popular evaluation criterion for
comparing ranking performance in information retrieval.
Unlike MAP, NDCG can deal with the cases which have
more than two levels of relevance judgments. Given a
query ¢;, DCG score at position m is defined as:

m_oor(h) _ 1

DCGam = Z

“log(1+ )’ ®.3)

where r(j) is the grade of the jth document. Then, NDCG
score at position m in the ranking list of documents can be
calculated by the equation as follows:

NDCG@m = - DeGam,

m

(8.4)

where Z,, is the maximum value of DCG@m, which means
that the value of NDCG ranges from 0 to 1.

8.3 Experiment Protocols

To evaluate the performance of our proposed method, we
conduct three experiments.

The aim of the first experiment is to empirically justify
whether the sparse models can help to improve ranking
performance. For fair comparison, we compare the ranking
accuracies and sparsity ratios of FenchelRank versus
RankSVM-Primal. RankSVM-Primal shares the same loss
function with FenchelRank but uses ¢ norm as the
regularization term. Thus, RankSVM-Primal learns a dense
model while FenchelRank learns a sparse one. This
comparison shows us how the sparse models can contribute
to improve the ranking accuracies.

In the second experiment, we compare the ranking
accuracies, sparsity ratios and training time of FenchelRank
versus other methods for sparse ranking, i.e., RSRank [10], a
variant of RSRank based on truncated gradient descent
method and a feature selection method based on RankSVM-
Primal.

In the last experiment, we compare the ranking accuracies
of FenchelRank versus other state-of-the-art learning-to-
rank methods. Since our method learns linear predictors, we
choose three linear ranking methods and one tree-based
nonlinear ranking method for comparison.

In all of the experiments, the parameter r in our method
is chosen in the set {1,2,4,8,16,32,64,128,256} by cross
validation. Since the top 10 documents ranked by a ranking
model are viewed as the most important ones in web search,
we choose the parameters, which achieve the best value of
NDCG@10 on the validation set as test parameters on the
test data. In all of our experiments, we fix the maximum
iteration 7' = 1,000 and desired optimization accuracy € =
0.001 on all the data sets. If the algorithm meets the desired
accuracy e or it reaches the maximum iteration 7, then it
stops and returns the learned ranking model.
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Fig. 2. Ranking accuracies of FenchelRank and RankSVM-Primal on

TD2004 (top) and NP2004 (bottom).

8.4 Comparing with RankSVM-Primal
8.4.1 Results on Ranking Accuracies

In our first experiment, we compare the performance of
FenchelRank with RankSVM-Primal. RankSVM-Primal is
one of the state-of-the-art learning-to-rank algorithms. Both
algorithms use the same pairwise loss function (the second
term in (5)). The experiment results of RankSVM-Primal on
the four data sets in LETOR 3.0 are cited from the LETOR
website,®> while the results on MQ2008 are obtained by
directly running the open source code of RankSVM-Primal.*

Figs. 2, 3, 4, and Table 2 show the ranking accuracies of
FenchelRank versus RankSVM-Primal on the five data sets
with respect to NDCG and MAP. We can observe that the
FenchelRank algorithm, based on our proposed objective
function with the sparse-inducing ¢; norm, performs
significantly better than RankSVM-Primal. Here are some
statistics. On TD2004, FenchelRank performs 0.3202 at
NDCG@10, a 9.9 percent increase compared with
RankSVM-Primal. On HP2004, the value of NDCG@10
using the FenchelRank algorithm is 0.8274, a 7 percent
increase compared with RankSVM-Primal. On OH-
SUMED, FenchelRank performs 0.4637 at NDCG@10,
compared to 0.4504 of RankSVM-Primal, which indicates
a 3 percent increase.

3. http:/ /research.microsoft.com/en-us/um/beijing/projects/letor/
letor3baseline.aspx.
4. http:/ /olivier.chapelle.cc/primal/.
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Fig. 3. Ranking accuracies of FenchelRank and RankSVM-Primal on
OHSUMED (top) and MQ2008 (bottom).

In addition, we provide the significance test (t-test) results
of FenchelRank versus RankSVM-Primal. As can be seen in
Table 3, the improvement of FenchelRank over RankSVM-
primal is statistically significant (i.e., with a p-value less than
0.05) on OHSUMED, HP2004, and TD2004. This validates
that learning a sparse ranking model can help to make
statistically significant improvement in ranking.

Since the only difference between the objectives of
FenchelRank and RankSVM-Primal is the regularization

HP2004
0.9 T T T T T
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—*— RankSVM-Primal
0.85- i
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0.8} — ,
0.75

0.7

0.65

0.6

E

N@1 N@2 N@3 N@4 N@5 N@6 N@7 N@8 N@9 N@10

Fig. 4. Ranking accuracies of FenchelRank and RankSVM-Primal on
HP2004.
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TABLE 2
MAP on the Five Data Sets from the LETOR Distribution
MAP RankSVM-Primal | FenchelRank
TD2004 0.2061 0.2368
NP2004 0.6755 0.6830
HP2004 0.6712 0.7447
MQ2008 0.4744 0.4785
OHSUMED 0.4446 0.4486
TABLE 3
The T-Test Results of FenchelRank versus RankSVM-Primal
[ Nel | N@3 | N@5 | N@l0 | MAP
OHSUMED
p-value | 05 [ 0.0053 | 0.0602 | 0.0455 | 0.0838
TD2004
p-value [ 0.2089 [ 0.0189 [ 0.0268 | 0.0204 [ 0.0005
HP2004
p-value [ 0.0258 [ 0.0144 [ 0.0163 [ 0.0267 [ 0.0137
NP2004
p-value | 05 [ 0.0924 | 0.3300 [ 0.1352 | 0.4034
MQ2008
p-value | 0.3506 | 0.1239 | 0.2731 [ 0.3891 [ 0.1650

term, the experimental results can empirically justify that
sparsity constraints (i.e., ¢/;-norm) on learning a ranking
model can help to significantly improve the ranking
accuracy. The idea of learning a sparse ranking model can
also be applied in other learning-to-rank methods and have
the potential to boost their ranking performance.

8.4.2 Results on Sparsity Ratios

To investigate the differences between the learned models
of FenchelRank and RankSVM-Primal, we report their
sparsity ratios. We define the sparsity ratio on a ranking
model w as %", where |w|, represents the number of
nonzero coefficients in w and m represents the dimension of
w. For each data set, we first calculate the sparsity ratio on
the ranking model obtained in each of the five folds,
respectively. Then, we average the five sparsity ratios as the
final sparsity ratio. Table 4 shows the sparsity ratios on the
five data sets obtained by FenchelRank and RankSVM-
Primal. The ranking models obtained by FenchelRank are
significantly sparser than those of RankSVM-Primal. This
validates that the FenchelRank algorithm tends to obtain
sparse ranking models. Interestingly, on NP2004, HP2004,
and TD2004 (all of their documents are from the .GOV
corpus [20]), the indexes of the most frequent features
appearing in the final models obtained by FenchelRank are
22,23, 27,40, 46, 52, and 61, where 22, 23, and 61 are BM25
features, 27 and 40 are features of language models, 46 is
hyper-link feature, and 52 is HostRank feature [20]. This is
desirable because the features like BM25 and language
models are known to be effective for document retrieval.
Moreover, most of these frequent features have high values
of NDCG@10 in Fig. 1.

8.5 Comparing with Other Methods for Sparse
Ranking
8.5.1 Comparing with RSRank and Its Variant

To compare the ranking performance of the proposed
FenchelRank algorithm with other methods for sparse
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TABLE 4
The Sparsity Ratios on the LETOR Distribution
(Denote RankSVM-Primal as RSVM-P for Short)

Dataset RSVM-P | FenchelRank | RSRank | TGRank
OHSUMED 0.8 0.2889 0.5156 0.2178
HP2004 1.0 0.1875 0.7312 0.7343
TD2004 1.0 0.5 0.8187 0.7636
NP2004 1.0 0.2906 0.8437 0.8
MQ2008 0.8697 0.3435 0.5261 0.3957
TABLE 5

Ranking Accuracies of FenchelRank, RSRank,
and TGRank on the LETOR Distribution

[ Nel | N@3 | N@5 | N@i0 | MAP
OHSUMED

TGRank | 05616 | 0.4923 [ 0.4813 | 0.4524 | 0.4479

RSRank | 05395 | 04831 | 0.4684 | 04503 | 0.4486

FenchelRank | 0.5456 | 0.5166 | 0.4826 | 0.4637 | 0.4486
HP2004

TGRank | 0.6000 | 0.7732 | 0.7878 | 0.8025 | 0.6972

RSRank | 0.6267 | 0.7771 | 0.7905 | 0.8115 | 0.7171

FenchelRank | 0.6667 | 0.7961 | 0.8181 | 0.8274 | 0.7447
NP2004

TGRank | 05600 | 0.7505 | 0.7762 | 0.8033 | 0.6799

RSRank | 05733 | 0.7601 | 0.7915 | 0.8204 | 0.6922

FenchelRank | 0.5600 | 0.7636 | 0.7808 | 0.8157 | 0.6830
MQ2008

TGRank | 03626 | 04303 | 0.4712 | 0.2277 | 0.4709

RSRank | 03686 | 04340 | 0.4734 | 0.2282 | 04781

FenchelRank | 0.3762 | 0.4402 | 0.4790 | 0.2317 | 0.4785

ranking, we carefully implement the RSRank algorithm
[10]. The RSRank algorithm optimizes the following
objective ([10, (15)], with our notations: w' = # and C = %):

min [/, +C D Wiy ys 0 )o(w” (X — X)), (8.5)
(kyi,j)eP

where W(y;,y;,w') is a weight function that assigns
different importance to different document pairs, and
w(w’T(Xk‘,; — Xi;)) is a modified Huber loss, which plays
a similar role as the squared hinge loss in FenchelRank. In
RSRank, the truncated gradient descent algorithm is
applied to solve the ¢; regularized optimization problem
in (8.5).

The loss function of RSRank (the second part in (8.5)) is
quite different from that of FenchelRank. For fair compar-
ison, we implement TGRank, a variant of RSRank. TGRank
solves the optimization problem in (2) using truncated
gradient descent. Because the objective in (2) is equivalent
to the objective of FenchelRank in (3) (see Section 4), the
main differences between TGRank and FenchelRank are in
their learning algorithms.

Table 5 shows the ranking accuracies of FenchelRank,
RSRank,® and TGRank on four data sets. The results show
that FenchelRank has superior ranking accuracies com-
pared to the other two algorithms for sparse ranking.

In addition, we compare the sparsity ratios of the
models learned by FenchelRank, RSRank, and TGRank,
respectively. As can be seen in Table 4, FenchelRank

5. Note that we could not reproduce the results on OHSUMED reported
in [10], possibly due to the algorithm chooses the initial model from a set of
random initialized models by cross validation.
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TABLE 6
Training Time (Seconds) of FenchelRank
versus TGRank on HP2004 and NP2004

[ FenchelRank [ TGRank ‘
HP2004
r seconds ratio C | seconds ratio
Foldl | 22.45 13.12 0.1406 | 0.1 31.01 0.6563
Fold2 | 19.56 3.82 0.1406 | 0.1 29.23 0.6406
Fold3 | 18.94 4.38 0.1563 | 0.1 33.18 0.6094
Fold4 | 20.23 11.42 0.1406 | 0.1 25.73 0.5938
Fold5 | 22.29 14.40 0.1250 | 0.1 26.30 0.6875
NP2004
Foldl | 16.19 12.75 0.1875 | 0.1 24.70 0.6875
Fold2 | 15.30 8.83 0.1719 | 0.1 28.72 0.5938
Fold3 | 18.36 16.44 0.1719 | 0.1 31.28 0.6875
Fold4 | 20.10 17.69 0.2031 | 0.1 29.08 0.7031
Fold5 | 18.56 11.79 0.1406 | 0.1 29.03 0.5781

obtains the lowest sparsity ratios on the four data sets. This
indicates that FenchelRank tends to obtain sparser ranking
models than other sparse learning-to-rank algorithms,
which may be the underlying reason that FenchelRank
outperforms the baseline algorithms.

To investigate the efficiency of FenchelRank, we also
provide the results of training time and the corresponding
sparsity ratios of FenchelRank over TGrank on two data
sets. The training time depends on the values of the
regularization parameter (i.e., C' in TGRank or r in
FenchelRank). To make fair comparison, we take the
following comparing procedure: On each fold, we use
TGRank to learn a ranking model wyre by fixing
the regularization parameter C'=0.1 and the maximum
number of iterations T = 1,000. Let w* be the best model
(i.e., the Bayes error is minimized) for the objective of
TGRank (2). As explained in Section 4 (see the detailed
explanation in [32, Section 1.2]), for any C in the objective of
TGRank (2), there exists a corresponding r = C|w*|, such
that the objective in (2) is equivalent to the objective of
FenchelRank (3). Since w* is unknown, we approximately
set r = Clwrg|, and set the maximum number of iterations
T = 1,000 in FenchelRank, and, thus, learn a ranking model
WFenchel- Then, we compare the training time of these two
algorithms under this parameter setting. Table 6 shows the
results of training time and the corresponding sparsity
ratios of ranking models. The results show that: 1) The
training time of FenchelRank is less than that of TGRank.
This is due to the fast convergence rate and the early
stopping criterion in FenchelRank. 2) The corresponding
sparsity ratios of FenchelRank are also significantly smaller
than those of TGRank. This indicates that FenchelRank
tends to obtain sparser ranking models.

8.5.2 Comparing with a Feature Selection Method

We also implement a simple feature selection algorithm
based on RankSVM-Primal, and compare its ranking
performance with FenchelRank. The feature selection
algorithm belongs to the filter methods and it adopts a
two-stage strategy: 1) In the first stage, we sort the
documents in a training set, respectively, using each of
the given features. The features with high NDCG@10 values
are more important for ranking than those with low
NDCG@10 values. We construct a new training set by
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TABLE 7
Ranking Accuracies on OHSUMED and HP2004
[ Nel | N@3 | N@5 | Nel0 | MAP
OHSUMED
FS-Rank(k= 5) 0.5228 | 0.4811 | 0.4633 [ 0.4494 | 0.4416
FS-Rank(k=10) | 0.5426 | 0.5018 | 0.4722 | 0.4528 | 0.4486
FS-Rank(k=15) | 0.5457 | 0.5027 | 0.4778 | 0.4573 | 0.4492
FS-Rank(k=20) | 0.5457 | 0.4989 | 0.4758 | 0.4573 | 0.4489
FS-Rank(k=25) 0.5648 | 0.5012 | 0.4770 | 0.4542 | 0.4511
RankSVM-Primal | 0.5460 | 0.4855 | 0.4689 | 0.4504 | 0.4446
FenchelRank 0.5456 | 0.5166 | 0.4826 | 0.4637 | 0.4486
HP2004

FS-Rank(k= 5) 0.6000 | 0.7226 | 0.7737 | 0.7888 | 0.6866
FS-Rank(k=10) 0.6133 | 0.7364 | 0.7739 | 0.7891 | 0.6908
FS-Rank(k=15) 0.6000 | 0.7613 | 0.7945 | 0.8085 | 0.6979
FS-Rank(k=20) 0.6267 | 0.7231 | 0.7529 | 0.7797 | 0.6938
FS-Rank(k=25) 0.5867 | 0.7038 | 0.7347 | 0.7658 | 0.6718
RankSVM-Primal | 0.5733 | 0.7129 | 0.7528 | 0.7720 | 0.6712
FenchelRank 0.6667 | 0.7961 | 0.8181 | 0.8274 | 0.7447

selecting the top k features with high NDCG@10 values and
removing other features from the original training set. 2) In
the second stage, we use RankSVM-Primal to learn a
ranking model on the newly constructed training set
containing only k features.

The ranking accuracies on OHSUMED and HP2004 are
shown in Table 7. Two observations can be made from the
results: 1) The simple feature selection algorithm based on
RankSVM-Primal performs better than the original
RankSVM-Primal algorithm. This validates our intuition
that a small number of strong features can dominate the
whole ranking performance and learning a sparse model
with only a few nonzero coefficients is desired for ranking.
2) The proposed FenchelRank algorithm still shows sig-
nificant ranking performance gain compared to the feature
selection algorithm. This is because FenchelRank is an ¢;
optimization algorithm, which minimizes the training error
while simultaneously conducts model selection.

8.6 Comparing with Other State-of-the-Art Methods

In the last experiment, we compare FenchelRank with other
state-of-the-art learning-ro-rank algorithms. Since our pro-
posed method learns a linear ranking model, we select
RankSVM-struct, AdaRank-NDCG, and ListNet as base-
lines in our experiments because they are state-of-the-art
algorithms that also learn linear models. We also select
RankBoost as a representative of tree-based algorithm that
learns nonlinear ranking models.

The results on five data sets with respect to NDCG and
MAP are shown in Table 8. Two observations can be made
from the results: 1) While the accuracies of the baseline
algorithms vary from one data set to another, the proposed
FenchelRank performs very competitively. On OHSUMED,
HP2004, and NP2004, FenchelRank performs the best. On
HP2004, its value of MAP is 0.7447, compared to 0.6914 of
the second best algorithm, which indicates a 7.7 percent
increase; its value of NDCG@10 also indicates a 2.7 percent
increase compared to the second best algorithm. On
OHSUMED, FenchelRank’s value of NDCG@10 is 0.4637,
compared to 0.4523 of the second best algorithm, which
indicates a 2.4 percent increase. On TD2004 and MQ2008,
FenchelRank is in the second place among all of the five
algorithms. 2) Among the five algorithms in comparison,
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TABLE 9

p-Value on OHSUMED and HP2004

[ Ne1 | N@e3 [ N@e5 [ Ne10 | MAP
FenchelRank versus ListNet

OUSUMED | 0.3561 | 0.0019 | 0.0002 | 0.0023 | 0.1675
HP2004 0.0663 | 0.0136 | 0.0346 | 0.0409 | 0.0387

FenchelRank versus AdaRank-NDCG
OUSUMED | 0.3174 | 0.0029 | 0.0326 | 0.0076 | 0.7050
HP2004 0.0907 | 0.1040 | 0.1245 | 0.1642 | 0.0650

FenchelRank versus RankBoost

OUSUMED | 0.0120 | 0.0015 | 0.0167 | 0.0006 | 0.0203
HP2004 0.0005 | 0.0070 | 0.0022 | 0.0022 | 0.0002

We prove that, after T iterations, our proposed algorithm can
guarantee the obtainment of a solution with a desired
tolerant optimization error of ¢ = O(4). This convergence
rate is better than that of the popular subgradient descent
algorithm. Furthermore, we empirically show in our experi-
ments that the proposed algorithm, with the sparse-inducing
¢; norm, can outperform the algorithm using the same loss
with the /; norm and can achieve state-of-the-art perfor-

mance on several benchmark data sets.
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TABLE 8
Ranking Accuracies on the Five
Data Sets from the LETOR Distribution
[ Nel | N@ | N@ [ N@i0 | MAP
OHSUMED
ListNet 0.5326 0.4732 0.4432 0.4410 | 0.4457
AdaRank
-NDCG 0.5330 0.4790 0.4673 0.4496 | 0.4498
RankSVM
-Struct 0.5515 0.4850 0.4729 0.4523 | 0.4478
RankBoost 0.4632 0.4555 0.4494 0.4302 | 0.4411
FenchelRank | 0.5456 | 0.5166 0.4826 0.4637 | 0.4486
HP2004
ListNet 0.6000 0.7213 0.7694 0.7845 | 0.6899
AdaRank
-NDCG 0.5867 0.7512 0.7920 0.8057 | 0.6914
RankSVM
-Struct 0.5867 0.7248 0.7523 0.7666 | 0.6784
RankBoost 0.5067 0.6989 0.7211 0.7428 | 0.6251
FenchelRank | 0.6667 | 0.7961 | 0.8181 | 0.8274 | 0.7447
NP2004
ListNet 0.5333 0.7587 0.7965 0.8128 | 0.6720
AdaRank
-NDCG 0.5067 0.6722 0.7122 0.7384 | 0.6269
RankSVM
-Struct 0.5600 0.7321 0.7746 0.7977 | 0.6771
RankBoost 0.4267 0.6274 0.6512 0.6914 | 0.5640
FenchelRank | 0.5600 | 0.7636 | 0.7808 | 0.8157 | 0.6830
MQ2008
ListNet 0.3754 0.4324 0.4747 0.2303 | 0.4775
AdaRank
-NDCG 0.3826 0.4420 0.4821 0.2307 | 0.4824
RankSVM
-Struct 0.3627 0.4286 0.4695 0.2279 | 0.4696
RankBoost 0.3856 0.4288 0.4666 0.2255 | 0.4775
FenchelRank | 0.3762 0.4402 0.4790 0.2317 | 0.4785
TD2004
ListNet 0.3600 0.3573 0.3325 0.3175 | 0.2231
AdaRank
-NDCG 0.4267 0.3688 0.3514 0.3163 | 0.1936
RankSVM
-Struct 0.3467 0.3371 0.3192 0.3090 | 0.2196
RankBoost 0.5067 0.4295 0.3878 0.3504 | 0.2614
FenchelRank | 0.3600 0.3725 0.3462 0.3202 | 0.2368

the proposed FenchelRank algorithm appears to be the most
stable algorithm on all of the data sets. For instance, ListNet
archives a good performance on NP2004, while it performs
poorly on OHSUMED. AdaRank-NDCG performs well on
TD2004 and HP2004, but yields a poor performance on
OHSUMED and NP2004. In summary, compared with other
state-of-the-art algorithms, the proposed FenchelRank algo-
rithm achieves competitive and stable performance on
ranking. We further provide the significant tests (t-test)
results of FenchelRank versus other algorithms, respec-
tively. The results in Table 9 indicate that FenchelRank
makes statistically significant improvement (i.e., p-value
less than 0.05) over other state-of-the-art algorithms on
OHSUMED and HP2004.

9 CONCLUSION

Sparse learning-to-rank is a relatively new research topic.
The difficulty lies in the sparse-inducing norm, i.e., /; norm,
which is usually nonsmooth and hard to optimize. In this
paper, we address this challenge and propose a convergency-
provable primal-dual algorithm for sparse learning-to-rank.

Pan is the corresponding author of this paper.
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